TWISTED CHARACTER OF A SMALL REPRESENTATION OF PGL(4) 



YuvAL Z. Flicker and Dmitrii Zinoviev 

Abstract. We compute by a purely local method the elliptic 0-twisted character Xvr of the 
representation tt = /(3,i)(l3) of PGL(4, Here _F is a p-adic field; 6 is the "transpose- 
inverse" automorphism of G = PGL(4, .F); tt is the representation of PGL(4, normalizedly 
induced from the trivial representation of the maximal parabolic subgroup of type (3, 1). Put 
C = {(91,92) e GL(2) X GL(2); det(9i) = det(92)}/Gm (G^ embeds diagonally). It is a 
0-twisted elliptic endoscopic group of PGL(4). We deduce from the computation that Xtt is 
an unstable function: its value at one twisted regular elliptic conjugacy class with norm in 
C = G{F) is minus its value at the other class within the twisted stable conjugacy class, and 
at the classes without norm in C . Moreover tt is the unstable endoscopic lift of the trivial 
representation of C . 

Naturally, this computation plays a role in the theory of lifting from C(="SO(4)") and 
PGp(2) to G = PGL(4) using the trace formula, to be discussed elsewhere (see [F']). 

Our work develops a 4-dimensional analogue of the model of the small representation of 
PGL(3, F) introduced with Kazhdan in [FK] in a 3-dimensional case. It uses the classification 
of twisted stable and unstable regular conjugacy classes in PGL(4, i^) of [F], motivated by 
Weissauer [W]. It extends the local method of computation introduced by us in [FZ]. An ex- 
tension of our work here to apply to similar representations of GL(4,_F) whose central character 
is non trivial has recently been given in [FZ'] . 



Introduction 

Let TT be an admissible representation (see Bernstein- Zelevinsky [BZ], 2.1) of a p-adic 
reductive group G. Its character Xn is a complex valued function defined by tm^fdg) = 
fa ^'^(9)f(9)'^9 complex valued smooth compactly supported measures fdg ([BZ], 

2.17). It is smooth on the regular set of the group G. The character is important since it 
characterizes the representation up to equivalence. A fundamental result of Harish- Chandra 
[H] establishes that the character is a locally integrable function in characteristic zero. 

Let 9 be an automorphism of finite order of the group G. Define ^tt by ^'^{g) — n{6{g)). 
When TT is invariant under the action of 9 (thus ^tt is equivalent to tt), Shintani and others 
introduced an extension of tt to the semidirect product G xi (9). The twisted character 
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Xtt{9 X ^) is defined by in:{fdg x 6) = /qXti-Is' x ^)f{9)dg for all fdg. It depends only 
on the ^-conjugacy class {hg9{h)~^;h e G} of ^. It is again smooth on the ^-regular set, 
and characterizes the ^-invariant irreducible tt up to isomorphism. Moreover, it is locally 
integrablc (sec Clozcl [C]) in characteristic zero. 

Characters provide a very precise tool to express a relation of representations of different 
groups, called lifting. It was studied extensively by Shintani and others in the case of base 
change. It was studied also in non base change situations such as twisting by characters 
(Kazhdan [K], Waldspurger [Wa]), and the symmetric square lifting from SL(2) to PGL(3) 
([Fsym], [FK]). In this last case twisted characters of ^-invariant representations of PGL(3) 
are related to packets of representations of SL(2), and 9 is the involution sending g to its 
transpose-inverse. 

The aim of the present work is to compute the twisted (by 9) character of a specific 
representafAon tt = /(3 i)(l3), of the group G — PGL(4, F), F a p-adic field, p odd. This tt 
is normalizedly induced from the trivial representation I3 of the standard (upper triangular) 
maximal parabolic subgroup P of type (3, 1). It is invariant under the involution 9{g) = 

J~^^g~^J, where J = ^ ) and w = j)- 

A natural setting for the statement of our result is the theory of liftings to the group 
G = PGL(4) from its ^-twisted endoscopic group (see Kottwitz-Shelstad [KS]) 

C = {(^,^0 e GL(2) X GL(2); det^ = det^'}/G^. 

Here the multiplicative group Gm = GL(1) embeds as 2; 1— > {zl2,zl2), I2 is the identity 
2x2 matrix. The corresponding map Ai of dual groups is simply the natural embedding 
in G = SL(4, C) of C = Z^{s9) = " S0(4, C)" 

= [geG = SL(4,C); gsJ^g = sJ = [jL^l)] ^^O ((^^ - ) ,c) 

= { ( cl ) ; = ( c 2 ) ' ^) ^ (GL(2, C) X GL(2, C), det A • det S = 1)/C^ } . 

Here 2: e embeds as the central element (2;, 2;"^), and s = diag(— 1, 1, — 1, 1) and oj = 
^ ^ ~^ j . Thus C is the ^-centralizer in G of the semisimple element s, and 9 is defined on 

G by the same formula that defines 9 on G. 

Our result can be viewed as asserting that the ^-invariant representation tt of G = G(F) 
is the endoscopic lift of the trivial representation of C = C{F). To state this we note 
that the embedding Xi : C ^ G defines a norm map. This norm map relates the stable 
6'-conjugacy classes in G with stable conjugacy classes in C. A stable conjugacy class is 
the intersection G n (Int(G(F))(7)), for some 7 e G. The crucial case of the character 
computation is that of ^-elliptic elements. A stable ^-conjugacy class consists of several 
^-conjugacy classes. The stable ^-conjugacy classes of elements in G, and the ^-conjugacy 
classes within the stable ^-classes, have been described recently in [F], in analogy with 
the description of the conjugacy classes and the stable classes in the group of symplectic 
similitudes Gp(2, F) of Weissauer [W]. In fact in [F] we deal with ^-classes in GL(4, F) 



TWISTED CHARACTER OF A SMALL REPRESENTATION 



3 



while here we deal with the simpler case of PGL(4, F), so we give here full details of the 
description in our case. 

There are four types of ^-elliptic elements of G, named in [F], p. 16, and here (see the 
next section) I, II, III, IV, depending on their splitting behaviour. As in [F], our work relies 
on an explicit presentation of representatives of the 6'-conjugacy classes within the stable 
such classes in G, except that here we present a better looking set of such representatives. 

The norm map, which we describe explicitly here, relates ^-conjugacy classes of types I 
and III to conjugacy classes in C. It does not relate classes of types II, IV to classes in C. 

We prove that the 6 -character of it, x-n{9 ^ vanishes on 9 -regular elements g of type II 
and IV. The stable 0-conjugacy classes of types I and III come associated with a quadratic 
extension E/F in type I and E / Es in type III (in this case E^/F is a quadratic extension, 
and E/F is biquadratic). The two ^-conjugacy classes Qr within the stable ^-classes are 
parametrized by r in F^ /Ne/fE^ in type I and by E^ /Ne/e^E^ in type III. We show 
that the value of XiriSr x ^); multiplied by a suitable Jacobian A{grO)/ Ac{Ng) , is 2K{r). 
Here k, is the nontrivial character of F^ /Ne/fE^ in type I and of E^ /Ne/EzE^ in type 
III. 

In particular the character x-k{9 ^ ^) is an unstable function, namely its value at one 
^-conjugacy class within a stable ^-conjugacy class of type I or III is negative its value at 
the other 6'-conjugacy class. 

Our result is a special case of the lifting with respect to Ai to the group G = PGL(4, F) 
of representations of the group G — (GL(2, F) x GL(2, F))' /F^ , where the prime indicates 
det^ = det^r' for the two components {g,g'), and F^ embeds diagonally. This lifting is 
established in [F'] by means of a comparison of trace formulae, the fundamental lemma of 
[F], and character relations, for generic and nongeneric representations. It can be viewed 
as associating to a pair tti, tt2 of representations of GL(2, F) (the product of whose central 
characters is 1) a product representation tt = tti Kl 7r2, or Ai(7ri x 712), of PGL(4, F). 

The case that we consider here is that where tti and 7^2 are the trivial representations of 
GL(2, F). Their product via the lifting Ai, 1 Kl 1 or Ai(l x 1), is our tt = /(3^i)(l3). 

This notion of multiplication should not be confused with that of induction from the 
standard parabolic subgroup of type (2, 2) and 7ri®7r2 on its Levi factor, thus: I{2,2){t^i®t^2), 
which plays the role of addition of tti and 7r2. This multiplication is interesting in particular 
since conjecturally the notions of multiplication 7rilE7r2 = Ai(7ri X7r2) and addition 7riffl7r2 = 
-^(2,2) {t^i ®t^2) - suitably extended to all GL(n) - give a Tannakian structure on the category 
of algebraic (= smooth) representations of all the GL(n, -F), and its motivic Galois group 
(see Deligne-Milne [DM]) plays a key role in the principle of functoriality. 

However, the proof of [F'], based on trace formulae comparison and the fundamental 
lemma of [F] , is very involved. The current paper grew from an attempt to provide a purely 
local and self contained proof of a key initial case, where the representations involved are 
not generic, where all principal features can be explicitly viewed: the analysis of the 6- 
conjugacy classes, the norm map, the Jacobian factors and the transfer factors, and the 
character relations can be computed directly to verify them without relying on long and 
complex theories. 

This gives an independent verification of results obtainable by global techniques, by 
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purely local and essentially elementary techniques. 

Our method here is based on using a novel model of our representation tt = /(3,i)(l3), 
different from the standard model of a parabolically induced representation. It is a four 
dimensional analogue of a three dimensional model introduced and used with Kazhdan 
in [FK] to compute the twisted by transpose-inverse character of the representation 713 = 
-^(2,1) (I2) of PGL(3, F) normalizedly induced from the trivial representation of the maximal 
parabolic subgroup. The original interest of [FK] was in a case of the fundamental lemma 
for the symmetric square lifting. But a purely local and simpler proof was given later in 
[Fsym; Unit elements]. In our case the fundamental lemma is established in [F]. 

The work of [FK] uses local arguments to compute the twisted character of on one 
of the two twisted conjugacy classes within the stable one (where the quadratic form is 
anisotropic), and global arguments to reduce the computation on the other class (where the 
quadratic form is isotropic) to that computed by local means. A purely local computation 
for the second class is given in [FZ]. Here we develop this local computation in our four 
dimensional case. A global type of argument as in [FK] is harder to apply as there are 
not enough anisotropic quadratic forms in our case. Anyway, here we give a simpler, local 
proof. 

We believe that our method of computation is applicable in many cases of character 
computations, giving rise to a new theory of integration of functions on p-adic domains, 
and we plan to return to this topic in future work. See [FZ'] for an analogue of the present 
work in the case of GL(4,F) when the central character is non trivial. 

We work only with a 7?-adic field F. However, the model of our representation makes 
sense also in the case of a real base field F = 'R. We propose the question of verifying our 
formula for the twisted character of our tt also for the field M. Of course in this case there is 
only one type of stable elliptic 6'-conjugacy class, namely type I, as the only algebraic field 
extension of the reals M is the field C of complex numbers. See the remark before Theorem 
I below. 

We are deeply grateful to the referee for careful reading of this work. 

Conjugacy classes 

Let F be a local nonarchimedean field, and R its ring of integers. Put G = PGL(4), G = 
G{F) and K = G{R). Put C = {(^1,^2) e GL(2) x GL(2); det(^i) = det(^2)}/Gm (G^ 
embeds diagonally), C = C{F) = {{91,92) e GL(2,F) x GL(2,F); det{gi) = det{g2)}/F'' 
and Kc = C{R). Put J = (aj5j^5_j), oi = 02 = 1, 03 = 04 = —1, and set 9{5) = J~^*6~^J 
for 5 in G. Fix a separable algebraic closure F of F. The elements S, S' of G are called 
(stably) 9-conjugate if there is g in G (resp. PGL(4, F)) with d' = g~^d9{g). 

We recall some results of [F] concerning (stable) 6'-twisted regular conjugacy classes. 
There are four types of ^-elliptic classes, but the norm map N from G to C relates only the 
twisted classes in G of type I and III to conjugacy classes in C. We should then expect the 
twisted character of the representation considered here to vanish on the twisted classes of 
type II and IV. 

A set of representatives for the 6'-conjugacy classes within a stable semisimple 6'-conjugacy 
class of type I in GL(4, F) which splits over a quadratic extension E = F{\/D) oi F, D E F— 
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F^, is parametrized by (r, s) e /Ne/fE^ x /Ne/fE^ ([F], p. 16). Representatives 
for the ^-regular (thus td{t) is regular) stable ^-conjugacy classes of type I in GL(4, F) which 
split over E can be found in a torus T = T{F), T = h-^T*h, T* denoting the diagonal 
subgroup in G, /i = 9{h), and 

{/ oi a2-D\ 
Va2 ai / 

Here a = ai + a2V^, 6 = 6i + 62 E , and t is regular if a/cra and 6/a"6 are distinct 
and not equal to ±1. Note that here T* = T*(F) where the Galois action is that obtained 
from the Galois action on T. 

A set of representatives for the ^-conjugacy classes within a stable ^-conjugacy class can 
be chosen in T. Indeed, if t = h~^t*h and ti = h~^tlh in T arc stably ^-conjugate, then 
there is g = h-'^/jh with ti = gte{g)-^, thus tl = fit* 6(11)-^ and tlOitl) = fit*e{t*)iJ-'^ . 
Since t is ^-regular, /i lies in the ^-normalizer of T*(F) in G{F). Since the group W^{T*, G) 
= iV^(T*, G)/T*, quotient by T*(F) of the 6'-normalizer of T*(F) in G(F), is represented 
by the group W^T*, G) = N^{T*, G)/T*, quotient by T* of the ^-normalizer of T* in G, 
we may modify ^ by an element of W^{T* , G), that is replace ti by a ^-conjugate clement, 
and assume that lies in T*(F). In this case iJ.9{p)~^ = diag(ii, u', au', au) (since t, ti lie 
in T*), with u = au, u' — au' in F^ . Such t, ti are 0-conjugatc if (7 G G, thus g & T, 
so ji = di8ig{v , v' , av' , av) e T* and n9{n)~^ = diai,g{vav,v'av' ,v'av' ,vav). Hence a set 
of representatives for the ^-conjugacy classes within the stable ^-conjugacy class of the 9- 
regular t in T is given by t ■ diag(r, s, s, r), where r, s G F^ /Ne/fE^ . Clearly in PGL(4, F) 
the ^-classes within a stable class are parametrized only by r, or equivalently only by s. 

A set of representatives for the 6'-conjugacy classes within a stable semisimple 6'-conjugacy 
class of type II in GL(4, F) which splits over the biquadratic extension E = E1E2 of F with 
Galois group {a, r), where Ei = F{VD) = E^, E2 = F{VAD) = E""^, E3 = F{VA) = 
are quadratic extensions of F, thus A, D E F — F^, is parametrized by r e F^ /Ne^^/fEi , 
s e F''/Ne^/fE2 ([F], p. 16). It is given by 



■ air a2-Dr - 
61S b2ADs 
62S 61S 

. a2r Oir 



h ""^t*/?. • diag(r,s,s,r), t* = diag(a, 6, t6, ua). 



Here a = ai + a2\fB E E^ , b ^ h + h2\fAD e E^ , 9{h) = h. In PGL(4, F) the ^-classes 
within a stable class are parametrized only by r, or equivalently only by s. 

A set of representatives for the 6'-conjugacy classes within a stable semisimple 6'-conjugacy 
class of type III in GL(4, F) which splits over the biquadratic extension E = E1E2 of F with 
Galois group {a, r), where Ei = F{VD) = E^, E2 = F{y/AD) = E"^, E3 = F{VA) = E" 
are quadratic extensions of F, thus A, D E F — F^ , is parametrized by r{— ri + r2VA) E 
E^ /Ne/e^E^ ([F], p. 16). Representatives for the stable regular ^-conjugacy classes can 
be taken in the torus T = h~^T*h, consisting of 

t= (^^^^^ = h~^t*h, t* = dia,g{a,Ta,aTa,aa), 
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where h = 6{h) is described in [F], p. 16. This t is ^-regular when a/aa^ r{a/aa) are 
distinct and 7^ ±1. Here 

^=(-.-2A\ ^^fb.HA\. put also r=f'-^'-^-'V 

Further a = a + h\/D e , a = ai + a^^fA e , b = h + b2\^ e E^ , aa = a - h\/D, 
ra = Ta + rby/D. Representatives for all ^-conjugacy classes within the stable ^-conjugacy 
class of t can be taken in T. In fact if t' = gt9{g)~^ lies in T and g = h~^fih, fi G T*(F), 
then n9{p)~^ = diag{u,TU, aru, au) has u = au, thus u G E^ . If (7 G T, thus G T*, 
then = diag(f , Tf, (JTf, cry) and ijl9{ijl)~^ = dia,g{vav , Tvarv , rvarv , vav) , with vav G 
Ne/EsE^. We conclude that a set of representatives for the ^-conjugacy classes within the 
stable ^-conjugacy class of t is given by t ■ diag(r,r), r G E^ /Ne/EsE^ . 

Representatives for the stable regular ^-conjugacy classes of type IV can be taken in the 
torus T = h~^T*h, consisting of 

t= (^^''^^ =h~^t*h, t* = diag{a,aa,a^a,a^a), 

where h — 9{h) is described in [F], p. 18. Here a ranges over a quadratic extension 
E = F{Vd) = Es{VD) of a quadratic extension Es = F{VA) of F. Thus A e F - F^, 
D — di + d2\/A lies in E^ — E\ where di G F. The normal closure E' of E over F is £^ if 
E/F is cyclic with Galois group Z/4, or a quadratic extension of E, generated by a fourth 
root of unity (, in which case the Galois group is the dihedral group D4. In both cases the 
Galois group contains an element a with a\/A = — \/C4, ay/D = y/oD, a^^/D = —y/^. In 
the D4 case Gal{E'/F) contains also r with = we may choose D = y/A, tD = D 
and ct/D = (y/B. 

In any case, t is 6'-regular when a ^ a^a. We write a — a + b\/D G E^ , a = ai+a2VA G 
E^,b = bi + b2^J~A e E^ , aa = aa + abVoD, a'^a = a- bVo. Also 

^^ra,a,A\ b^fb^Y), D=(''}''f). 

Representatives for all ^-conjugacy classes within the stable ^-conjugacy class of t can 
be taken in T. In fact if t' = gt9{g)~^ lies in T and g = h~^iJ,h, /j, G T*(F), then 

n9{iJ,)~^ = dia,g{u, a u,a^u,a'^u) has u = a'^u, thus u G E^ . If g E thus fx G T*, 
then n = diaig{v,av,a^Vja^v) and fx9{n)~^ = di3ig{va^v,a{va'^v),a{va'^v),va'^v), with 
vav G Ne/EzE^ . It follows that a set of representatives for the 0-conjugacy classes within 

the stable ^-conjugacy class of t = h^^t*h = where t* = diag(Q;, era, (t"^q;, cr^a), is 

given by multiplying a by r, that is t* by tg — diag(r, err, a^r, a^r), where r = er^r ranges 
over a set of representatives for E^ /Ne/e^E^. Now = h~^tQh — C^). Hence a set of 
representatives is given by t ■ diag(r,r), r G E^ /Ne/EsE^ . 
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Norm map 

The norm map : G — > C is defined on the diagonal torus T* of G by 

A'"(diag(a, 6, c,d)) = (diag(a6, cd), diag(ac, bd)). 

Since both components have determinant abed, the image of N is indeed in C. 
In type I we have a,b e = F{\/D) ^ and the norm map becomes 

A'"(diag(a, 6, ab, aa)) = (diag(a6, a{ab)),dia,g{aab, baa)). 

In type III we have a & , ara e , aara e and the norm map becomes 

A'"(diag(Q!, TO!, ara, aa)) = (diag(Q!TQ!, aaara) , dia,g{aaTa, raaa)). 

The diag(*, *) define conjugacy classes in GL(2, F), and since both components of A^(*) 
have equal determinants in F^, the norm map defines a conjugacy class in C = C(F) for 
each 6'-stable conjugacy class of type I or III in G = G{F). 

In types II and IV no conjugacy class in C corresponds to the image of the map N. 

Jacobians 

The character relation that we study relates the product of the value at t of the twisted 
character of our representation tt = /(3,i)(7ri) by a factor A{t x 9), with the product by a 
factor Ac{Nt) of the value at Nt of the character of the representation ttc of C which lifts 
to TT. 

The factor A{t x 9) is defined by 

A{t x9)^ = \ det(l - Ad{t9))\ Lie(G'/r)|. 

Here t lies in the ^-invariant torus T which we take to have the form T = h~^T*h, T* is 
the diagonal subgroup and h — 9{h). Thus in the formula for A{t x 9) we may replace 
t = h-H*h and T by the diagonal t* and T*. Note that Lie(G'/T*) = UeU® LieC/-, and 
the upper and lower triangular subgroups U, U~ are ^-invariant. We have 

I det(l - Ad{t9))\UeU\ = 1 11(1 " E 

e Pee 

where the product ranges over the orbits of ^ in the set of positive roots /3 > 0, and the 
sum ranges over the roots in the ^-orbit. Thus for t — diag(a, b, c, d) we obtain 




Further, 

|det(l - Ad(t^))|Liet/-| = S{t9)-^\ det{l - Ad{t9))\ Lie U 
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where 



Altogether 



G /3ee 



(3>0 



A{te) 



{ac - hdf {ah - cdf {a - df {b - cf 



abed 



abed 



ad 



be 



1/2 



Similarly, 

Ac{Nt) = Sc^^^{Nt)\ det(l - Nt)\ UeUc\ 



and so 



A{te) 
Ac{Nt) 



ah 


ac 


-1/2 


A ah\ ac\ 


ed 


bd 








cf 


1/2 





ad 



be 



Then in case I if t = diag(a, b, ab, aa), a = ai + a2y/D, b = bi + b^y/D, we get 

1/2 



Mt0) 

Ac{Nt) 



{a — aaf {b — ab)^ 



aaa 



bab 



1/2 



a? — a 



ID bl - blD 



In case III, if t = diag(a, ra, crra, era), a = a + a = ai + a2\/A, 6 = 61 + &2'\/^, 

era = a — b\/D, ra — Ta + Tb\/D, a — aa — 26\/D, t(q! — cro:) = 2Tb\/D, and 



A{te) 
Ac{Nt) 



{a — gol)^ t{ol — gol) 



aaa 



raraa 



1/2 



{AbrbDf 



{a^ -b^D){Ta'^ -rb'^D) 



1/2 



Characters 



Denote by / (resp. fc) a complex-valued compactly-supported smooth (thus locally- 
constant since F is nonarchimedean) function on G (resp. C). Fix Haar measures on G 
and on C. 

By a G-module tt (resp. C-module ttc) we mean an admissible representation ([BZ]) 
of G (resp. C) in a complex space. An irreducible G-module tt is called 6-invariant if it 
is equivalent to the G-module ^tt, defined by ^T^{g) = Tx{9{g)). In this case there is an 
intertwining operator A on the space of tt with T{{g)A = A7:{9{g)) for all g. Since we 
have iT{g)A'^ — A'^n{g) for all g, and since tt is irreducible A'^ is a scalar by Schur's lemma. 
We choose A with A^ = 1. This determines ^ up to a sign. When tt has a Whittaker 
model, which happens for all components of cuspidal automorphic representations of the 
adele group PGL(4, A), we specify a normalization of A which is compatible with a global 
normalization, as follows, and then put n{g x 9) — 7T{g) x A. 

Fix a nontrivial character of F in C^, and a character ^^{u) = ip{ai,2 + 02,3 — 03,4) of 
u = {ui^j) in the upper triangular subgroup U of G. Note that tp{6{u)) = tp{u). Assume that 
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TT is a nondegenerate G-module, namely it embeds in the space of "Whittaker" functions 
W on G, which satisfy - by definition - W{ugk) = 'ip{u)W{g) for all g E G, u E U , k in a 
compact open subgroup Kw of K, as a G-module under right shifts: {TT{g)W){h) = W{hg). 
Then ^tt is nondegenerate and can be realized in the space of functions ^W{g) = W{6{g)), 
W in the space of tt. We take A to be the operator on the space of tt which maps W to ^W. 

A G-module tt is called unramified if the space of tt contains a nonzero i^-fixed vector. 
The dimension of the space of K-fixed vectors is bounded by one if tt is irreducible. If tt is 
^-invariant and unramified, and f o 7^ is a i^-fixed vector in the space of tt, then Avq is a 
multiple of vq (since 9K = K), namely Avq = cvq, with c = ±1. Replace A by cA to have 
Avq = Vq, and put n{9) = A. 

When 71 is (irreducible) unramified and has a Whittaker model, both normalizations of 
the intertwining operator are equal. In this case ip is unramified (trivial on R but not 
on 'K~^R, where tt is a generator of the maximal ideal of R), and there exists a unique 
Whittaker function Wq in the space of n with respect to if) with Wq = 1 on K. It is mapped 
by tt{0) = A to ^VFo, which satisfies ^Wo{k) = 1 for all k in K since K is ^-invariant. 
Namely A maps the unique normalized (by Wo{K) = 1) K-fixed vector Wq in the space of 
TT to the unique normalized K-fixed vector ^Wq in the space of ^tt, and we have ^Wq = Wq. 

For any tt and / the convolution operator 7r(/) = f{g)'^{g)dg has finite rank. If tt is 6- 
invariant put 7r(/ x 9) ~ Jq f{g)'n{g)Ti{9)dg. Denote by tr 7r(/ x 9) the trace of the operator 
n{f X 9). It depends on the choice of the Haar measure dg, but the (twisted) character 
Xtt of TT does not; Xn is a locally-integrable (at least in characteristic zero) complex-valued 
function on G x 9 (see [C], [H]) which is ^-conjugacy invariant and locally-constant on the 
^-regular set, with tr 7r(/ x ^) = f{g)XiT{9 x ^)d9 for all /. 

Local integrability is not used in this work; rather it is recovered for our twisted character. 

Small representation 

To describe the G-module of interest in this paper, note that a Levi subgroup M of 
a maximal parabolic subgroup P of G of type (3,1) is isomorphic to GL(3, F). Hence 
a GL(3, F)-module tti extends to a P-module trivial on the unipotent radical A^(= F^) 
of P. Let S denote (as above) the character S{p) — | Ad(]3)| Lie of P; it is trivial on 
N. Take P to be the upper triangular parabolic subgroup of type (3,1), and M — {m = 
diag{ah,a)*; h e GL(3,F), a e F^}. Here g* denotes the image in PGL(4, F) of g from 
GL(4, F). Then the value of S at p = mn is |det/j.|. Denote by /(tti) the G-module 
TT = Ind(5^/^7ri; P, G) normalizcdly induced from tti on P to G. It is clear from [BZ] 
that when tti is self-contragredient and /(tti) is irreducible then it is 6*- invariant, and it is 
unramified if and only if tti is unramified. 

Our aim in this work is to compute the 9-twisted character Xn of the PGL(4, F)-module 
TT = /(I3), where I3 is the trivial P-module, by purely local means. 

We begin by describing a useful model of our representation, in analogy with the model 
of [FK] of an analogous representation /(2,i)(l2) of PGL(3,F). Indeed we shall express tt 
as an integral operator in a convenient model, and integrate the kernel over the diagonal to 
compute the character of tt. 
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Denote by /i = //g the character //(x) = of . It defines a character fxp = Hs^p 

of P, trivial on iV, by Hp{p) — ^{{det ms) / mi^) if p = mn and m = with ms in 

GL(3, F), mi in GL(1, F). If s = 0, then = 5^/^. Let Wg be the space of complex-valued 
smooth functions on G with i/^ipg) = lJip{p)'^{g) for all p in P and g in G. The group G 
acts on Wg by right translation: [tt s{g)i^){h) = ip{hg). By definition, /(I3) is the G-module 
Ws with s = 0. The parameter .s is introduced for purposes of analytic continuation. 

We prefer to work in another model Vg of the G- module Wg- Let V denote the space 
of column 4- vectors over F. Let Vg be the space of smooth complex- valued functions (j) 
on V — {0} with 0(Av) = fi{X)~^(j){v). The expression ij,{det g)(j){^gv), which is initially 
defined for g in GL(4, F), depends only on the image of g in G. The group G acts on Vg 
by {Tg{g)(j}){v) = ii{det g)(/}{^gv). Let vq ^ be a vector of V such that the line {Avo;A 
in F} is fixed under the action of *P. Explicitly, we take vq = *(0, 0,0,1). It is clear 
that the map Vg Wg, (p ip ^ ip^, where ip{g) = {Tg{g)(p){vo) = Kdet g)(p{^gvo), is a 
G-module isomorphism, with inverse 7/; 1— > = 0^, (/>(v) = ^{det g)~^'i/j{g) if v = ^gvo (G 
acts transitively onV — {0}). 

For V = ^{x,y,z,t) in V put ||v|| = max(|x|, \y\, \z\, \t\). Let be the quotient of 
the set of V in y with ||v|| = 1 by the equivalence relation v ~ av if a is a unit in R. 
Denote by ¥V the projective space of lines in V — {0}. If $ is a function on V — {0} with 
$(Av) = |A|~'^$(v) and dv = dx dy dz dt, then $(v)(iv is homogeneous of degree zero. 
Define 

/ ^{y)dw to be / $(v)(iv. 

vv v° 

Clearly we have 

/ $(v)c/v= / ^{gw)d{gw)^ \ deig\ / ^{gw)dv. 
vv vv vv 

Put v{x) = \x\ and m = 2(s — 1). Note that v/jis = A*-s- (v,w) = *vJw. Then 

{gv,9{g)w) = (v,w). 

1. Proposition. The operator Tg : Vg V-g, {Ts(l)){v) = / (f)(w)\{w,v)\'^dw, converges 

vv 

when Res > 1/2. It satisfies TsTs{g) = T_s(^(^))Tg for all g in G where it converges. 
Proof. We have 

(r,(T,(^)0))(v) = /(T,(^)0)(w)|Vjvrdw = f,{detg)!(t>Cgw)\'wJvrdw 
= I det g\-^n{det /0(w)|*(*£f-^w) JvP^w 
= {ii/iy){det g) J 0(w)|*wJ • J'^g-^Jv^dw 

= ifi/u)idetg) J cf>iw)\{w,9Cg)y)rdw = iu/fi)idetdig)) ■ (Tg^^^^^ 
= [ir-s{9igMTsct>)]M 

for the functional equation. 

For the convergence, we may assume that = 1 and *v = (0, 0, 0, 1), so that the integral 
is \x\"^dx, which converges for m > —1. Our m is 2s — 2, as required. □ 
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The spaces Vg are isomorphic to the space W of locally-constant complex- valued functions 
on and Tg is equivalent to an operator T° on W. The proof of Proposition 1 implies 
also 

1. Corollary. The operator T° o Ts{g~^) is an integral operator with kernel 

{^i/u){detO{g))\{w,OCg-')v)r (v,w m V^) 

and trace 

ti[T^oTs{g-')] = W/x)(det^) / I'vgJvrdv. 

VO 

Remark. (1) In the domain where the integral converges, it is clear that tr[r_s(*(7) o T^], 
which is tr[T° o Ts{g~^)]., depends only on the cr-conjugacy class of g if (and only if) s = 0. 
(2) To compute the trace of the analytic continuation of °Ts{g~^) it suffices to compute 
this trace for s in the domain of convergence, and then evaluate the resulting expression at 
the desired s. Indeed, for each compact open cr-invariant subgroup K of G the space Wk of 
K-biinvariant functions in W is finite dimensional. Denote by pk '■ W — > Wk the natural 
projection. Then pK °Tg o Ts{g~^) acts on Wk, and the trace of the analytic continuation 
of Pk ° Ts{g~^) is the analytic continuation of the trace of pk °Tg o Ts{g~^). Since K 
can be taken to be arbitrarily small the claim follows. 

Next we normalize the operator T = Tq so that it acts trivially on the one-dimensional 
space of K-fixed vectors in Vg. This space is spanned by the function 0o in Vs with 0o(v) = 1 
for all V in 

Denote again by tt a generator of the maximal ideal of the ring R of integers in our 
local nonarchimedean field F of odd residual characteristic. Denote by q the number of 
elements of the residue field R/wR of R. Normalize the absolute value by |7r| = q~^, and 
the measures by vol{|x| < 1} = 1. Then vol{|a;| = 1} = 1 — q~^, and the volume of is 
(1 - q-^)/{l - q-') = l + q-'+ q'^ + q'K 

2. Proposition. J/vq = *(0, 0,0,1), then {T<Po)M = {1 - q-^^'+^^)/{l - q^-^')M^o)- 
When s = 0, the constant is —q~^{l + q~^)- 

Proof. Indeed, 

(T0o)(vo)= / 0o(v)|*vJvorrfv = / Ix^dxdydzdt 

\x\^dxdydzdt/ / dx 

J\x\ = l 

= (1-9-^-4)/ \xrdx/ [ dx = il-q-'^^'+^^)/{l-q^-'^'), 

J\x\<l J\x\^l 

since m = 2{s — 1) and J,^,^i \x\'^dx = (1 — q~'^~^)~^ I\x\^i '-' 



V <1 



v||<l 
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Character computation for type I 
For the 6'-conjugacy class of type I, represented hy g — t ■ diag(r, s, s, r), the product 



V^Jv = {t,z,x,y) 
is equal to 



a2Dr\ 






















1 










-1 





air / 


v 


-1 









62S biS 
\a2r 



-t^a2Dr — + x^b2S + y^a2r. 



z 

X 



Note that the trace is a function of g in the projective group, and r and s range over a set 
of representatives for /Ne/fE^ . 
We need to compute 



- det 
II Ac[Ng) Jvo 



rs|i-^|4a262^| 



a? — a: 



\D){bl-blD)\'/' Jvo 



\x'^b2S + y^a2r - t^a2Dr - 2;^62-Dsp'^* ^^dxdydzdt. 



This is equal to 



s 02 



_(^)2i^)((^)2_i))|-V2 I \x^-y^r'+t^Dr'-z^D\^^'-'^dxdydzdt. 
02 02 Jv° 



Here r' = — As r ranges over /Ne/fE^ , we may rename r' by r. We get the 
product of a factor whose value at s = is 1, the factor |4£)r|, and the integral 

Is{r, D)= I \x^ - vy^ - Dz^ + vDt^f^'-^^ dxdydzdt. 

Remark. If F is the field M of real numbers, then its only algebraic extension is the field 
E — C — F{\fD) of complex numbers, and only case I occurs. We may take D = —1 and r 
to range over the group {±1}- Ifr = — Iwe get 

/ \x^ + y'^ + z^ + f\'^^'-^Uxdydzdt, 

which is 1 (and has to be multiplied by 4). Is 

/,(!, -1) = / |a;2 - + ^2 _ t^\'^(^-'^)dxdydzdt 

Jvo 

equal to —1 (at least at s = 0)? 
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I. Theorem. The value of \AvD\Is{v^D)/{T(1)q){-vq) at s = is 2KE{r), where ke is the 
nontrivial character of /Ne/fE^ , E = F{\/D). 

Proof. Consider the case when the quadratic form — vy^ — Dz^ + rDt^ does not represent 
zero (is anisotropic). Thus D = tt and r e — R^"^ (hence |r| = 1, |D| = or 
D e R^ — i?^^ and r = tt. The second case being equivalent to the first, it suffices to deal 
with the first case. The domain max{|a;|, 1^1, \t\} = 1 is the disjoint union of = 1}, 
{\x\ < 1, \y\ = 1}, {|a:| < 1, \y\ < 1, \z\ = 1} and {\x\ < 1, \y\ < 1, \z\ < 1, \t\ = 1}. Thus the 
integral /s(r, D) is the quotient by J. , dx of 



/ 



dx + / dxdy + q ^ / / dxdydz 

=1 J J\x\<l,\y\=l J J i|a;|<l,|j/|<l,|z| = l 

+9""" I I I I dxdydzdt 

= 1 + + q-^-^ + q-"^-^ = 1 + q-^ + q-^' + g-^^-i. 

The value at s = is 2(1 + q~^). Since |rD| = q~^, using Proposition 2 the value of the 
expression to be evaluated in the theorem is —2. Since /^^(r) = —1, the theorem follows 
when the quadratic form is anisotropic. 

We then turn to the case when the quadratic form is isotropic. Recall that r ranges over 
a set of representatives for F^'/Ne/fE'', E = F{y/D). Thus D e F - F^, and we may 
assume that \D\ and |r| lie in {l,q~^}. 

I.l. Proposition. When the quadratic form x^ — rj/^ — Dz'^ + rDt^ is isotropic, r lies in 
Ne/fE^, and we may assume that the quadratic form takes one of three shapes: 

-y^ - Dz'^ + Dt'^, D e R"" - R""^; x^ + iry^ - ttz'^ - irH'^; x^ - y^ - nz^ +irt^. 



Proof. (1) If E/F is unramified, then \D\ = 1, thus D e R^ - R^^. The norm group 
Ne/fE^ is TT^^R^. If a;^ - ry^ - Dz^ + rDt^ represents then r e i?^, so we may take 
r = 1. 

(2) If E/F is ramified then \D\ = q'^ and Ne/fE'' = (-D)^i?^2 xhe form x^ - ry'^ - 
Dz^ + rDt^ represents zero when rG-R^^orrG —DR^^. Then the form can be taken to 
be x^ + Dy'^ -Dz^ -DH'^ with r = -D and |i:'r| = q-'^, or x^ -y^ - Dz'^ + Dt^ with r = 1 
and |Dr| = q~^. The proposition follows. □ 

The set = V/ ~, where V = {v = {x, y, z, t) e i?^; max{|x|, |y|, \z\, \t\} = 1} and ~ is 
the equivalence relation v ~ av for a e i?^, is the disjoint union of the subsets 

V;° = V;°(r,D)=K(r,D)/~ 

where 

Vn = Vn{r, D) = {v; max{|x|, \y\, \z\, \t\} = 1, \x^ - ry^ - Dz^ + rDt^\ = l/g'^}, 
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over n > 0, and of {v; — xxp- — Dz^ + rDt^ = 0}/ ~, a set of measure zero. 
Thus the integral Is (r, D) coincides with the sum 

5]9-"-vol(F,°(r,D)). 

n=0 

When the quadratic form represents zero the problem is then to compute the volumes 
vol(F„°(r, D)) = vol(K(r, D))/{1 - l/q) (n > 0). 
We need the following Technical Lemma. 
I.O. Lemma. When c e R^^ , |c| = 1, and n> 1, we have 

2 



/ dx = — (l j, hence [ 

J\c-x^\=q— Q"^ \ QJ J\c 



dx 



c—x^\<q-"- 

Proof. Recall that any p-adic number a such that |a| < 1 can be written (not uniquely) as 
a power series in ir: 

oo 

a — OiTT* = ao + aiTT + a2ir^ + . . . , Ui E R. 

i=0 

If |a| = we may assume that gq — ai — ■ ■ ■ — an-i — and an ^ 0. We can write 

CX3 CO oo i 

X = y^XjTT', C=^Ci'K\ x'^ = ^ai'K\ tti^^XjXi-j {Xi, Ci, tti E R) . 

i=0 i=0 i=0 j=0 

We have 



oo 

2 



^(ci - ai)7r' 



c — X 

Since |c — a;^| = we may change the q so that 

Ci-ai = (z = 0, ...,n - 1), - 0. 

From Co = ao = Xq it follows that xq = icg, where Cq is a fixed square root of cq in R 
(since c e R^^, we have cq G R^'^). From q — = (i = 1, n — 1) it follows that (since 
xo^O) 

i—l n—1 

Xi = (cj a;jajj_j)/(2a;o), x^ 7^ (c^ ^ ^ ^j^n— 3)/(2^o); 

where in the case of i = 1 the sum over j is empty. Thus we have 



L 



q \qj \ qj g" \ q^ 
The lemma follows. □ 
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I.l. Lemma. When D = ir and r = 1, thus \rD\ = 1/q, we have 

( l-l/q, ifn = 0, 

vo\{V^) - I q-^l - l/q){2 + 1/q), ifn = l, 

[ 2g--(l-l/g)(l + l/5), ifn>2. 



Proof. In our case 

Vo = Vo(l,7r) = {{x,y,z,t); max{|x|, \y\, \z\, \t\} = 1, \x^ - --kz^ +7rt^| = 1}. 
Since \z\ < 1 and \t\ < 1, we have \t^{z^ — 1^)\ < 1, and 

1 — \x^ — y"^ — TTZ^ + TTt^l = — = |x — + 

Thus \x — y\ = \x + y\ = 1, and if \x\ ^ \y\, |a; ± y| = max{|a;|, |y|}. We spht Vq into three 
distinct subsets, corresponding to the cases \x\ = \y\ = 1; \x\ = 1, \y\ < 1; and \x\ < 1, 
\y\ = 1. The volume is then 




Let us consider the case ofVn with n>2. If \x\ — 1, then put c = c{x, t, z) = x"^ +7r(t^ — 
z"^). Since |7r(t^ — z'^)\ < 1, we have c{x,t,z) e i?^^, and we can apply Lemma I.O. Thus 
we obtain 

J\t\<\J\z\<\J\x\ = \J\c-y^\=q-^ V Qj (t \ Qj 9" V 9/ 

If \x\ < 1 it follows that \y\ < 1. Since max{|a;|, |z|, \t\} = 1 and n > 2 it follows that 
\t\ = \z\ = 1. Indeed, if, say, \t\ — 1 but \z\ < 1, then — y'^ —Ttz"^ +7rt^| = |7rt^| = 1/g, 
which is a contradiction. Further, dividing by tt we obtain + (y^ — x^^j-n — t^\= q^~'^. 
Put c = c{x,y,z) = z"^ + (y^ — x'^)/Tr. Since — x'^)/Tr\ < 1, we have c e i?^^, and using 
Lemma 1.0 we obtain 

I I I I dw.d,d.=ifi-i) A('i-iU4,fi-iV. 

J\x\<iJ\y\<iJ\z\=iJ\c-t^=q^-r^ rV <lj<t^\ QJ q''+^ \ qj 
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Adding the two cases we have (n > 2) 

2 / 2 

™i(v„) = -(i--) +^ 



qj V ^/ V Q 



Let us consider the case n = 1. The case \x\ = 1, is exactly the same as for n > 2. The 
contribution is 2/q{l — Now if |a;| < 1 then \y\ < 1 and maxjl^l, \t\} = 1. We have 

— y"^ — nz'^ + TTt'^\ = \i^{z^ — t^)\ = q~^. Dividing by gives — = 1. The volume 



of this subset is 



dtdz + / dtdz 

Z\ = l J\z^-t^\ = l i|2|<li|t|=l 



1 - 



Adding the two cases, we have 



1 



2\ 1 / 1 
!__+_!__ 

ql q\ q 



1 f 1 

- 2+- 



1 - 



The lemma follows. 

1.2. Lemma. When D = tt and r = —ir, thus \rD\ = 1/q^, we have 



r 1, ^fn = 0, 

ifn = l, 

q-\2-l/q-2/q^), ifn = 2, 

L 2g-(l-l/Q)(l + l/Q), z/n>3. 



Proof. To compute vol(Vo), recall that in our case 

Vq = {(x, y, z, t); max{|a;|, \y\, \z\, \t\} = 1, +'!r{y^ - z^) - = 1}. 
Since \y\ < 1, \z\ < 1, \t\ < 1, we have \x^ + Tr{y'^ - z^) -7r^t^| = |a;^| = 1, and so 

1 



vol(Vb) = / / / / dxdydzdt = 1 - 

i|t|<l i|a|<l i|j/|<l i|a;| = l Q 

To compute vol(y^), n > 1, recall that 

K = {(x,y,2,t);niax{|a;|, |^/|, \z\, \t\} = 1, |a;2 + 7r(|/2 _ - 7r2t2| = i/^n|_ 
Assume that |a;| = 1. Then 

1 = |a;2| = Ix"^ +T:[y^ -z'^)-TrH^\ = < 1. 



□ 
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Thus we have that \x\ < 1 and max{||/|, 1^1, \t\} = 1. 

Consider the case n = 1. Then — z'^\ = \y ± z\ = 1. We have 



vol(FO=/ I \l I +f f 

^|t|<l ^|a;|<l J \y\=l J \y±z\ = l J \y\<l J \z\ = l 



dzdydxdt 



1-1) 



Consider the case n > 3. As in the analogous case of Lemma I.l, we consider the cases 
of |y| = 1 and \y\ < 1. Adding the two cases we have (n > 3) 



voi(K) = 4i'i--V+ ^ 



1 - 



2 / 1 
— 1 + - 

V q 



1 - 



q 



Consider the case n = 2. If \y\ = 1 we apply Lemma LO (as in the case n > 3) and the 
contribution is 2/g^(l — Now if < 1 then 1^1 < 1 and \t\ = 1. The contribution 

from this subset is 

I I I dxdtdzdy = ^ ( 1 - - ) - ( 1 - - 

\y\<iJ\z\<iJ\t\=iJ\t2-{x/7Ty\=i q \ qjq\ q 

Adding the two cases (see Lemma LI for details), we obtain 

vo.(V.) = 4(l-i)%l(l-i) (l-l).l(l-i) (2-1-4 

q V qJ q \ qJ \ qJ q \ qJ \ q q 



The lemma follows. 



□ 



1.3. Lemma. When E/F is unramified, thus \yD\ — 1, we have 

ifn = 0, 

g-(l - l/g)(l + 2/g + 1/q^), ifn>l. 



Proof. First we compute vol(Vo). Recall that in our case 

^0 = {{x,y,z,ty,mBx{\x\, \y\, \z\, \t\} = 1, \x^ - y" - D{z^ - t^)\ = 1}. 

Since \x'^ - y^ - D{z'^ - t'^)\ < max{|x|, \y\, \z\, \t\}, 

Vo = {(x, y, z, t) e \x^ - y" - D{z^ -t^)\ = 1}. 

Make the change of variables x' = x + y, y' = x — y, z' = z + t, t' = z — t. Renaming x', 
y', z' , t' as X, y, z, t, we obtain 



Vo = {{x, y, z, t) e i?^ \xy - Dzt\ = 1}. 
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Assume that \xy\ < 1. Since \xy — Dzt\ = 1, it follows that \zt\ — \z\ — \t\ = 1. The 
contribution from the set \xy\ < 1 is 



l\t\ = l l\z\ = l l\x\<l l\y\<l l\x\ = l l\i 



x\<lJ\y\<l ^|a;| = l ^|y|<l 



dydxdzdt 



Note that the contribution from \xy\ = 1, \zt\ < 1, is the same and equals 

We are left with the case \xy\ = \zt\ = 1, i.e. = \y\ — \z\ — \t\ = 1. If \x\ = \y\ = 
= 1 we introduce U (x, y, z) = {t; \t\ = 1, \xy — Dzt\ = 1}, a set of volume 1 — 2/q. The 



contribution from this case is 



dtdzdydx = I 1 ) I 1 



1\ V. 2 



2 / 1\ V 1\ / 1\ V 2\ / 1\ V 1 



Thus we obtain 

Nexi we compute Yol{Vn), n> 1. Recall that in our case 

Vn = {{x, y, z,ty,max{\x\, \y\, \z\, \t\} = 1, \x'' - y"" - D{z'' - t'')\ = 1/?^}. 

Making the change of variables u = x + y, v = x — y, we obtain 

Vn = {('^^5 '^5 z, t); max{|tt + |w — |2;|, = 1, \uv — D{z'^ — = 

Since the set {v = 0} is of measure zero, we assume that vj^O. Then \uv-D{z'^ -t'^)\ = 1/?^ 
implies that u = D{z^ — t^)v~^ + wv~^ir'^, where \w\ = 1. There are two cases. 

Assume that \v\ = 1. Note that if {z"^ — = 1, then max{|2|, \t\} = 1, and if \z'^ — t'^\ < 1, 
then (since n > 1) 

\u\ = \D{z^ -t'^)v-^ + wv-^ir''\ <max{\z^ -t^lq-""} < 1, 

and consequently |tt + f | = \v\ = 1. So \v\ = 1 implies that maxjlw + f |, — f |, \z\, \t\} = 1. 
Further, since \v\ = 1, we have du = q~'^dw. Thus the contribution from the set with 



1 is 



dw , 1 / 1 \ ^ 



/ / / / dudvdzdt = I I —dv = — (!-- 

J\t\<lJ\z\<lJ\v\ = lJ\uv-D{z-^-t'^)\ = l/q^ J\v\ = lJ\w\ = l 1 
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Assume that \v\ < 1 and 1^1 = 1. Thus max{|tt + v\, \u — v\, \z\, \t\} = 1. We write 
V = D{z^ — t^)u~^ + wu~^'k'^ where \w\ = 1 and dv = q~'^dw. Since 

Iz"^ - t^l < max{|t)|, g"''} < 1, 

it follows that 12;^ - t^l < 1. Note that 



dzdt = I I dtdz+ I I = ( 1 - - 1 - + X = - I 2 - - 



z^-t^\<i J\z\=i J\z^-P\<i J\z\<iJ\t\<i \ QJ Q (P Q \ Q 



The volume of this subset equals 




/ / dvdudzdt — - (2 J — I I dwdu 

z'^-f^\<l J\u\ = l J\uv-D{z^-f^)\=l/q'^ Q\ Q / Q'^ J \u\^l J \w\=l 



Assume that |f | < 1 and \u\ < 1. Then we have \u ± v\ < 1 and thus max{|2|, \t\} — 1. 
Since \uv - D{z^ - t^)\ < 1 it follows that \z^ - < 1. So we have \z\ = \t\ = 1. Put 
c = c{z,u,v) = z^ — uvD~^. Then c e i?^^ (since \uvD~'^\ < 1). Dividing by D, we have 

— = \uv- Diz^ - f)\ = \c-t\ 
qn \ V /III 

Applying Lemma I.O, the contribution from this subset is equal to 

fill dtdzdvdu = \— . 

J\u\<lJ\v\<lJ\z\^lJ\c-f2\=q-^ 9 9" V QJ 

Adding the contributions from |v| = 1 and |v| < 1 we obtain 

1/. 11/. 1\V„ 1\ 12 



vol(K.) = - 1-- +-- 1-- 2-- +-- 1-- 



q q" \ Qj \ 1) q^ q^ 



If 1\ V 2 1 



The lemma follows. □ 



Proof of Theorem I. We are now ready to complete the proof of Theorem I in the isotropic 
case. Recall that wc need to compute the value at s = (m = —2) of the product 
\rD\Is{r,D). Here Is{r,D) coincides with the sum 

00 

^g-"-vol(V,0(r,i^)) 

n=0 
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which converges for m > — 1 by Proposition 1 or alternatively by Lemmas 1. 1-1.3. The value 
at m = — 2 is obtained then by analytic continuation of this sum. 
Case of Lemma I.l. We have |rD| = 1/q, and /s(r, D) is equal to 

oo 

vol(Vo') + q--^ vol(V«) + J2 5""" vol(K,«) 

n=2 

When m = —2, this is 



1 1 1 \ / l\ f l\ q 



,2 



q \ q q^J V qJ \ qj ^-q 

Multiplied by |rD| = 1/q, we obtain — 2g~^(l + q~^). 

Case of Lemma 1.2. We have |rD| = 1/g^, and /^(r, D) is equal to 

oo 

vol(Vo°) + g""" vol(lf ) + Yo\(y^) + ^ g"""^ vol(V„0) 

n=3 

g V 9/ g V q q 



When m = —2, this i 



IS 



g\ g/ gv •? q ) V 5/\ qj^~q 

Once simplified and multiplied by |ril>| = 1/g^, we obtain — 2g~-'^(l + g""*^). 
Case of Lemma 1.3. We have |rD| = 1, and /s(r, D) is equal to 

oo 

vol(Fo°) + 5^g-'^"^vol(i;°) 

n=l 



When m = — 2, this is 



g V qJ \ q q^Ji~q 



In all 3 cases the value of the expression of the theorem is 2 by virtue of Proposition 2, 
and indeed k,e{t^) — 1 in these cases as r lies in Ne/fE^ by Proposition I.l. The theorem 
follows. □ 
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Character computation for type II 
For the 6'-conjugacy class of type II, represented hj g = t ■ diag(r, s, s, r), the product 



^vgJv = {t,z,x,y) 



/air 








a2-Dr 





6is 










62S 







\a2r 








air 



/ 




V-1 






-1 





1 





I z 
X 
0/ \yj 



is equal to 

—t^a2Dr — z^b2ADs + x^b2S + y^a2r, 

where ai + a2VD e {Ex = F(VD)) and 61 + 62VAD e E^ {E2 = F(VAD)). The trace 
being a function of g in the projective group, and r ranging over a set of representatives 
for /Ne-^^/fEi (and s for F^ /NE2/FE2), we may divide the quadratic form by 62S and 
rename — a2r/62S by r. The quadratic form becomes x"^ — y^r — z^AD + t^Dr. 
Thus we need to compute the integral 

Is{r,A,D) = I \x'^ -ry'^ - ADz'^ + rDt^\'^^'-^^dxdydzdt. 

Jv° 

The property of the numbers A, D and AD that we need is that their square roots gen- 
erate the three distinct quadratic extensions of F. Thus we may assume that {A, D, AD} = 
{u,Tr,uw}, where u e — i?^^. Of course with this normalization AD is no longer the 
product of A and D, but its representative in the set {1, u,ir, uir} mod F^^. Since r ranges 
over a set of representatives for F^ /Ne^/jpE^ , it can be assumed to range over {l,7r} if 
D = u, and over {l,u} if \D\ — \it\. 

In this section we prove 

II. Theorem. The value of Is{t, A, D) at s = isO. 
To prove this theorem we need some lemmas. 

II. 1. Proposition. The quadratic form x"^ — ry"^ — ADz^ + rDt^ takes one of six forms: 

- + 7r(t^ - uz"^), x^ - uy"^ + U7r(t^ - z'^), x'^ - y'^ + ut^ - uttz^, x^ - y^ - uz"^ + 7rt^, 

— TTy^ + u'K{t^ — 2;^), — uy"^ — uz'^ + uizt^ , where u e — R^^ . It is always isotropic. 



X' 
X' 



- u where u G R^ — R^^. The norm group 
TT. We obtain two quadratic forms: x'^ — y'^ — 



Proof. (1) If Ei/F is unramified then D 
NejfE^ is Tr^^i?^^. So r = 1 or TT and ^ : 
uirz^ + ut^, and x'^ - iry'^ — u'ir{z^ -t^)- 
(2) If Ex/F is ramified then i:» = tt and Ne^/fE^ = (-L>)^i?^2 xj^g^ r = 1 or w, and 
A — uor uir. Note that if A = uir we take AD = u. We obtain the following quadratic forms: 
if r = 1, A = u we have x^ —y^ —'K{uz'^—t'^); if r = 1, A = utt we have x"^ —y"^ — uz"^ +7rt^; if 
r = tt, ^ = tt we have x"^ —uy"^ — uTr{z'^ —t'^)-., if r = tt, ^ = mtt we have x"^ —uy"^ — uz"^ + u'nt'^ . 
The proposition follows. □ 

The set = V/ ~, where V = {v = {x, y, z,t) e i?^; max{|a;|, \z\, \t\} = 1} and ~ is 
the equivalence relation v ~ ctv for a e i?^ , is the disjoint union of the subsets 

= V^{r, A, D) = K(r, A, D)/ ^, 
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where 

Vn = K(r, A, D) = {v; max{|a;|, |y|, \t\} = 1, \x^ - ry^ - ADz^ + YDt^\ = 1/?"}, 

over n > 0, and of {v; — vy^ — ADz^ + rDt^ = 0}/ ~, a set of measure zero. 
Thus the integral /^(r, A^ D) coincides with the sum 

oo 

Y,q-^^Yo\{V^{v,A,D)). 

n=0 

The problem is then to compute the volumes 

yo\{V^{r,A,D)) = vol(K(r, A i^))/(l - V?) {n > 0). 

In the following lemmas, m is a nonsqiiarc unit. 
II. 1. Lemma. When the quadratic form is — + Tr{t^ — uz^), we have 

( 1-1/q, ifn = 0, 

vol{V^) = 1 2/q- 1/q^ + l/q\ z/n = 1, 

[ 2g--(l-l/Q), ifn>2. 



Proof. In our case 

Vq = {{x,y,z,t); max{|a;|, \y\, \z\, \t\} = 1, \x^ - +'jr{t^ - uz^)\ = 1}. 



vol(Fo) = ( 1 - 



This is the same case as that of Lemma I.l. The volume is then 

r. 

Let us consider the case ofV^ with n>2. If \x\ — 1, then put c — c{x, t, z) ~ x"^ +7r(t^ — 
uz'^). Since |7r(t^ — uz'^)\ < 1, we have c{x,t, z) e i?^^, and we can apply Lemma I.O. Thus 
we obtain 

1\ 2 / 1\ 2 / 1^ ^ 



dydxdzdt =1-- — 1-- =— 1-- 

t\<lJ\z\<lJ\x\ = lJ\c-y^\=q-^ \ qj (t \ q 

li\x\ < 1 it follows that \y\ < 1. Thus max{|^|, \t\} — 1. Since t"^ —uz"^ does not represent 
zero non trivially, we have — uz'^\ = 1, which is a contradiction. Thus 



vol(K.) = |,(l-i) 



2 
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Let us consider the case n = 1. Note that in this case \x'^ — < 1- 
(A) Case of \t^ — uz^\ < 1. Since — uz"^ does not represent zero non trivially, it follows 
that 1^1 < 1, \t\ < 1. Thus \'ir{t'^ - uz^)\ < l/q"^, and 

Vi = {{x,y,z,t); max{|a:|, \y\} = 1, [x^ - y'^\ = 1/q}. 

Applying Lemma I.O, the contribution of this case is 

III dydxdtdz = \ ( 1 - -) - ( 1 - -] . 

2|<1 i|t|<l 7|a;| = l i|a;2-j/2|=q-i Q \ QJQ\ QJ 

(Bl) Case of — uz'^\ = 1 and \x'^ — y'^\ < 1/q. Since — uz'^ does not represent zero non 
trivially, we have 

dzdt= I I dzdt+ I I dzdt = [1 --] [1 + -] . 

'\t'2-uz2\ = l J\t\ = lJ\z\<l J\t\<lJ\z{ = l \ QJ \ QJ 

Furthermore, 

/ / dxdy = f f dydx + f f dydx = ( 1 J ^ + ~2 • 

J ^|a;2-j/2|<i/q2 J \x\=l J\x^-y^\<l/q^ ^|a;|<l ^|y|<l \ Q/ Q Q 




Thus the contribution of this case is equal to 



. 1\ 2 1 
q J q q 



(B2) Case of — uz^\ = 1 and \x^ — y^ \ — 1/q. Set w = x — y,v = x + y {dwdv = dxdy). 
Then \wv\ — 1/q and \wv +7r(t^ — uz'^)\ = 1/q, and the contribution of this case is (there 
are two integrals that correspond to \w\ = 1, l^;! = 1/q and \w\ = 1/q, \v\ = 1): 




dwdvdtdz. 

\t'2-uz'^\ = l J\v\ = l/q J\w\ = l,\wv+n{f^-uz'2)\ = l/q 

Since - uz'^){v/'7r)~^\ = 1, we have that w ^ 0, -(t^ - uz'^){v/Tr)~^ (mod ir). So, the 
above integral is equal to 

■(-i)(-i)K-a(-i)- 

Adding the contributions from Cases (A), (Bl), and (B2) (divided by (1 — 1/q)), we 
obtain 

Once simplified this is equal to 2/q — 1/q^ + 1/q^ . The lemma follows. □ 
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II. 2. Lemma. When the quadratic form is — uy^ + uir{t^ — z^), we have 

[ 2g-("+i)(l - 1/g), ifn>2. 

Proof. Consider the case ofn = 0. Then 

Vo = {{x,y,z,t)] max{|,x|, \y\, \z\, \t\} = 1, \x'^ - uy^ + uTr{t^ - z^)\ = 1}. 
Since x'^ — uy^ does not represent zero non trivially, we have 

1 = |a;^ — uy^ + uw{t^ — z'^)\ = |a;^ — uy'^\ = max{|a;|, |y|}. 

We obtain 

vol(yo)= / / dydx+ [ [ dydx=l-- + - (l--] = (l--] + - 

J\x\=iJ\y\<i J\x\<iJ\y\=i Q q\ qj \ qj \ q 

Let us consider the case ofn = l. Then 

Vi = {{x,y,z,t); max{|a;|, \z\, \t\} = 1, \x'^ - uy'^ + uir{t'^ - = 1/?}- 

If max{|a;|, \y\} — 1, then \x'^ — uy'^\ — 1. It implies that |a;| < 1, \y\ < 1, and |a;^ — uy'^\ < 
The contribution from this subset is equal to 

/ / / dtdzdydx = 

x\<lJ\y\<lJ J\t^-z^\^l q 



dzdt + / dzdt 

|t|=l ^|t2_^2|=l i|t|<li|^| = l 



1 - ' 



g2 



1-1 1-1 

qJ \ qJ q \ q 



n,2 



' ^-1 

q 



Let us consider the case of n>2. Then 

Vn = {{x,y,z,ty, max{\x\,\y\,\z\, \t\} = 1, {x"^ - uy^ + uir{t'^ - z^)\ = q'""}. 

If max{|a;|, \y\} = 1 then \x^ — uy'^\ = 1, which is a contradiction. Hence |a;| < 1, \y\ < 1, 
and max{|2;|, \t\} = 1. The latter implies that \z\ = \t\ = 1. Dividing by uir, we have 

Vn = {{x,y,z,t); \x\ < 1, \y\ < 1, \z\ = 1, \t\ = 1, \z'' -t'' +Tr{{y/Trf -u-\x/Trf)\ = q^-""}. 

Applying Lemma I.O (with c = z'^ + 'K{{y /ir)'^ — {x /tt)'^)) , its volume is equal to 



I I I I dtdzdydx = ( 1 - - J 

j\x\<iJ\y\<iJ\z\=iJ\c-t2\=q^-" q q \ qj 



2 



|cc|<l^|j/|<l^|«|=l^|c-t2|=qi 

Dividing by (1 — 1/q) we obtain the vol(y^). The lemma follows. □ 

In all other cases we get the same result for the volumes. Since the proofs are different, 
we state the remaining cases separately as Lemmas II.3, II.4, II.5. 
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II. 3. Lemma. When the quadratic form is x'^ — y'^ + ut^ — wnz^ or — — uz^ + itt"^ , 

we have 

( 1, tfn = Q, 

Yo\{V^)=\ l/g, z/n = l, 

[ g-"(l-l/g2), ifn>2. 



Proof. Since the quadratic form —y^ — uz^ +TTt^ is equal to — (y^ — x"^ + uz"^ — irt'^), the 
computations for this form are identical to those of x^ — y"^ + ut^ — uirz"^. 
Consider the case ofn = 0. Then 

Vq = {{x,y,z,t); max{|a;|, |y|, \z\, \t\} = 1, |a;^ - +ut'^ - uTrz^\ = 1}. 

We have the following three cases. 

(A) Case of |t| < 1. It follows that |a;^ — y^l = 1. The contribution of this case is 



z\<l J\t\<l 




dydxdtdz = - 



dydx + / dydx 

lx-| = W|x2-y2| = i J\x\<lJ\y\=l 



(Bl) Case of |i| = 1, \x'^ — y'^\ < 1. The contribution from this case is equal to (we apply 
Lemma LO): 



dydxdt + / / dydxdt 

t\ = l J \x\ = l J \x^-y^\<q-^ J\t\ = l J\x\<l J\y\<l 



^ _ 1\ /2 1 



qJ \q r 



(B2) Case of \t\ = 1, \x'^ — = 1. Set w — x — y,v = x + y. Then \w\ = \v\ = 1 and also 
\ut'^w~^ \ — 1. Thus the contribution from this case is given by the integral 



dvdwdt = ( 1 

t\=l J\w\ = l J\v\ = l,\wv+ut^\^l V Q 



Adding the contributions from Cases (A), (Bl), and (B2) (divided by (1 — 1/g)), we 
obtain 

vo.(v») = i(i-l) + H-l + (i-i) (i-H) = i. 

q \ qJ q \ qJ \ qJ 



Let us consider the case of n>2. We have the following three cases. 
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(A) Case of |a;| < 1. Since the quadratic form xp' —u^ does not represent zero non trivially, 
we have that — ut^\ = 1 if and only if max{|y|, = 1. It implies that \y\ < 1, \t\ < 1, 
and thus |a;^ — + ut^ — uTrz^\ = \'irz'^\ = 1/q, which is a contradiction. 
(Bl) Case of = 1, \t\ < 1. The contribution from this case is given by the following 
integral (we apply Lemma I.O): 

dy I dxdzdt = -(l--) — (l-- 



\t\<l J \z\<l J \x\=l \J\{x^+ut^-unz^)-y^\=q-^ J Q \ Q/ Q 

(B2) Case of \x\ = 1, \t\ = 1. Set w = x — y,v = x + y. Then we have that \w\ = \v\ = 1, 
and from \wv + ut^ — uTrz^\ = q~^, we have 

w = uiirz^ - t^)v~^ + ev~^Tr'^, dw = -de, \e\ = 1. 

The volume of this subset is given by 

dwdvdtdz 



z\<l J\t\ = l J\v\ = l J \w\ = l,\vw+ut^-unz^\=q—^ 

iV r de 1 / 1 ^ ^ 



q) J\e\=i (t q^ \ q 

Adding the contributions from cases (A), (Bl), and (B2) (divided by (1 — 1/g)), we obtain 

^ q\ qJ q"" \ q) q"" V <f J 

Let us consider the case of n= 1. We have the following three cases. 
(A) Case of |a;| < 1. Since the quadratic form — ut^ does not represent zero non trivially, 
we have that — ut'^\ = 1 if and only if max{|j/|, = 1. Hence \y\ < 1, \t\ < 1, and thus 
1^1 = 1. The volume of this subset is equal to 

/ill dzdtdydx = ( 1 



(Bl) Case of |a;| = 1, \t\ < 1. Applying Lemma LO, we have 




dy I dxdzdt = - ( 1 - - ) - ( 1 - 



|t|<l ^|«|<l J|a;| = l \J\ix^+uf2-unz'^)-y^\^q-'^ J q \ qJ q \ q, 

(B2) Case of |a;| = 1, \t\ = 1. Set w — x — y,v — x + y. We have that \w\ = \v\ = 1, and we 
arrive to the same case as that of n > 2 (with n — 1). The contribution is 

q \ qJ 

Adding the contributions from cases (A), (Bl), and (B2) (divided by (1 — 1/g)), we obtain 

voi(v»)=i+i(i-i)+i(i-iy=i. 

q-^ q^ \ qJ q\ qJ q 
The lemma follows. □ 
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II. 4. Lemma. When the quadratic form is x — Try + uir{t — z ), we have 

L, ifn = 0, 

vol(K°)=<[ 1/q, ifn = \, 

r^(l-l/g2), ifn>2. 

Proof. Consider the case ofn = 0. Then 

Vq — {{x, y, z, t); max{|a;|, \y\, \z\, \t\} — 1, — Try^ + uir(z'^ ~ I = !}• 



Obviously we have 

vol(Vb) = / dx=l 

i|x| = l 



1 

Let us consider the case of n >2. It foUows that |a;| < 1, and dividing by it, we have 



Vn = {{x,y,z,t); max{|?/|, \z\, \t\} = 1, \x\ < 1, \z'^ - + uy'^ - mT{x/'Kf\ = 

This case is the same as that of Lemma II. 3. We have that vol(y^) is the product of 1/g 
and the \o\(y^_i) of Lemma II. 3, which is equal to g~^(l — 1/ q^)q~'^'^~^^ = (1 — l/q^)q~'^. 
Let us consider the case of n = 1. Then 

= {{x,y,z,t); max{|a;|, \y\, \z\, \t\} = 1, \x'^ - wy'^ + un{z'^ - = 

It follows that I a; I < 1, and dividing by tt, we have 

Vi = {(x, y, z, t); max{|y|, |2;|,|t|} = 1, \x\ < 1, {z"^ — t'^ + uy^ + u'n:{x/irY\ = 1/g}. 

The volume of this subset is the volume of Vq of Lemma II. 3 multiplied by 1/g. The lemma 
follows. □ 

II.5. Lemma. When the quadratic form is x^ — uy^ — uz"^ + uirt^ , we have 

1, ifn = 0, 

yo\iV^)={ 1/g, ifn=l, 
g-(l-l/g2), ifn>2. 

Proof. If —1 e i?^^, the form is —u{y^ + z^ — u~^x^ — irt'^), and its integral has already 
been considered in Lemma II. 3. Thus we can take w = — 1, so the form is + + — Tri^. 

In the proof of this lemma we will use Theorem 6.27 of the book "Finite Fields" [LN] by 
Lidl and Niederreiter. This Theorem 6.27 asserts that if / is a quadratic form in odd number 
n of variables over the finite field Fg of g elements, then the number of solutions in of the 
quadratic equation f{xi,X2,...,Xn) b, b e ¥q, is g"~^ + g(''~^)/^?7((-l)("~^)/^6det(/)). 
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Here det(/) is the determinant of the symmetric matrix representing the quadratic form 
/, and r] is the quadratic character of F^: its value on ^ is 1, on F^ — F^ ^ its value 
is —1, and ?7(0) = 0. The case of even n is dealt with in [LN], Theorem 6.26. It asserts 
that - putting v{b) = —1 if 6 7^ 0, and v{0) = g — 1 - the number of solutions of f = b 
is q^~^ + f (6)g*^"~^-*/^?7((— 1)"^/^ det(/)); but it is not used here. The Theorem 6.27 implies 
that the equation f = b, b = 0, where / is the form + a;| + in n = 3 variables, has 
solutions over Fg. 

Consider the case ofn = 0. Then 

^0 = {{x,y,z,t); max{|x|, \y\, \z\, \t\} = 1, \x'^ + y'^ + -'Kt^\ = 1}, 

namely Vq = {{x, y, z, t); \x^ + y^ + z^\ = 1}. By Theorem 6.27 of [LN], we have 

dxdydz = -. 
Hence 

vol(Vb) = / [ [ [ dxdydzdt = 1 — f f f dxdydz = 1 . 

Let us consider the case ofn>2. As in Lemma I.O, recall that any p-adic number a such 
that |o| < 1 can be written as a power series in tt: 




a = ajTT* — gq + aiir + a27r^ + . . . , Oi & R. 

If \a\ = we may assume that gq — ai = ■ • ■ = a^-i = and a„ 7^ 0. We can write 

00 00 00 00 

x = ^Xiir\ y = ^yiTr\ z = ^Ziir\ t = ^tiir\ 

i=0 i=0 i=0 i=0 

Their squares are 

00 00 00 CXD 

^ai7r% y2 = ^6,7r*, z'^ = J2^^^'^^ t^ = ^di'K\ 



X 

i=Q i=0 i=0 i=0 



where 



I % I % 

Chi — ^ ^ •^j'^i—j 1 ~ ^ ] yiVi—j 1 ~ ^ V ^j'^'i—ji ~ ^ ] ^j^i—j i 

j=0 j=0 j=0 j^O 



and Xj, 2^j, ij, Oj, 6j, Cj, d^ G R. 
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We have 

oo 
i=0 

where /o = ao + 60 + co, fi ^ ai + bi + Ci- di-i > 1). Since |a;^ + + 2;^ - TTt^l = l/g"' 

we may assume that /o = /i = ••• = fn-i = and fn ^- Thus we obtain the relations 
(modulo it) 

ao + bo + co ^ 0, + 6i + Ci - di-i = (i = 1, n - 1), an + bn + Cn - dn-i ^ 0. 

If ttQ = bo = cq = 0, it follows that xq = yo = zq = to = (i.e. |x| < 1, \y\ < 1, |z| < 1). 
Then ai = 2xoXi = 0, 61 = 2yoyi = 0, Ci = 2zo^i — 0, and thus do = ai + 61 + ci = 0, 
i.e. \t\ < 1. This is a contradiction, since max{|a;|, \y\, \z\, \t\} — 1. Assume that ao 7^ (i.e. 
xq ^ 0). From ai + bi + Ci — di-i = (i = 1, n — 1) it follows that (since xq ^ 0) 

i—l n—1 
Xi = {di-i -bi-Ci -^XjXi-j)/{2xo), Xn 7^ {dn-1 -bn-Cn- ^ X jXn-j) / {^Xq) , 

3=1 3=1 

where in the case of i = 1 the sum over j is empty. Thus, we have 

n-1 



/ / / / dydzdtdx = ( - ) 

J \x\=l J \t\<l J J\x'^+y'^+z^—Kt^\=q-^ KqJ 

By Theorem 6.27 of [LN], we have 




Thus 



dxdydz = - ( 1 ^ 

a;2+j/2+22|<l,max{|a;|,|y|,|«|}=l Q \ Q. 

1 \ 1 



q2 J gU 



v„l(K.) = ^(l-l)x^(,^-l) = (l-i) (1 

Let us consider the case of n= 1. Recall that 

^1 = {{x,y,z,t)] max{|x|, \y\, \z\, \t\} = 1, \x'^ + y'^ + z'^ -7rt^| = 1/q}. 
We consider two cases. 

(A) Case of max{|a;|, \y\, \z\} < 1, i.e. |a;| < 1, \y\ < 1, \z\ < 1, and, consequently, \t\ = 1. 
The contribution from this case is 

I I I I dtdzdydx — J • 

J\x\<lJ\y\<lJ\z\<lJ\t\=l Q \ QJ 

(B) Case of max{|a;|, \y\, \z\} — 1. This is the same as case n > 2 (with n — 1). It contributes 
(l-g-i)g-i(l-g-2). 
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Adding the contributions from Cases (A) and (B) (divided by (1 — 1/g)), we obtain 

voi(y,o) = L + l(i-L) = l 
r q \ T ) Q 

The lemma follows. □ 

Proof of Theorem 11. We are now ready to complete the proof of Theorem II. Recall that 
we need to compute the value at s = (m = —2) of /s(r, ^, D). Here /s(r, ^, D) coincides 
with the sum 

oo 

J]g-"-vol(F,0(r,Ai^)) 

n=0 

which converges for m > —1 by Proposition 1 or alternatively by Lemmas II.1-II.5. The 
value at m = — 2 is obtained then by analytic continuation of this sum. 

Case of Lemma II. 1. The integral /s(r, A, D) is equal to 



vol(Fo°) + q-"^ vol(F°) + yo\{V^) 



n=2 



When m = —2, this is 

q \q J \ qj 1-q 

Case of Lemma II. 2. The integral /^(r, A, D) is equal to 

oo 

vol(Fo°) + 9""" vol(Fi°) + g-^^ vol(V;°) 

n=2 



1 1 2 / 1\ q2 



When m = —2, this is 

q q q \ q J 1 — q 

Case of Lemmas II. 3, II. 4, II. 5. The integral /s(r, A, D) is equal to 

oo 

vol(Fo°) + q-"^ vol(F°) + Y vol(F,°) 
"/a*" V 9/ V 9/ V 9""+'/ 

When m = — 2, this is 

The theorem follows. □ 
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Character computation for type III 
For the 6'-conjugacy class of type III we write out the representative g — t ■ diag(r, r) as 

/airi+a2r2A {air2 + a2ri)A {biri + b2r2A)D {bir2 + b2ri)AD\ 

air2 + a2ri aiVi + a2r2A {bir2 + b2ri)D {biVi + b2r2A)D 

biri+b2r2A {bir2 + b2ri)A aiVi + a2r2A {air2+a2ri)A 

\ 6ir2 + b2ri biri + b2r2A air2 + a2ri airi + a2r2A / 

The product ^vgJv (where *v = {x,y,z,t)) is equal to 

(6ir2 + b2ri){t'^ + z'^A - y'^D - x'^AD) + 2(6iri + b2r2A){zt - xyD), 

where ai + a2\fA e and bi + 62 € • The trace is a function of g in the projective 

group, and r = ri + r2\fA ranges over a set of representatives in E^ {E^ = F{y/A)) for 

E^/Ne/EsE''. 

By definition, the quadratic form can be written as 

rb - rirb) ^ _ _ ^^^^^ ^ ^ r{rb)){zt - xyD). 
2v A 

Set /s(r, A^ D) to be equal to 



rb r{rb) ^ ^2^ _ ^2^ _ ^2^^) ^ ^ T{rb)){zt - xyD) ' ^ ^ 



2\fA 



dxdydzdt. 



The property of the numbers A, D and AD that we need is that their square roots generate 
the three distinct quadratic extensions of F. Thus we may assume that {A, D, AD} = 
{u,it,uit}, where u e — R^^. Of course with this normalization AD is no longer the 
product of A and £), but its representative in the set {1, m, tt, m-tt} mod F^^. 

III.l. Proposition, (i) If D = u and A = n (or nu) then y/A ^ Ne/e^E^ = A^R^ . 
(ii) If A^ u and -1 G R'^'^ , andD ^it (oriTu) then y/A ^ Ne/e^.E'^ = {-D)^R^^. 
(in) If A = u = -1 ^ R^^ and D =Tr (oriru) then there is d e R^ with d^ + 1 e -R^^ = 
R"" - R""^, hence d + ieR^ - R^^ (i = VA) andsod + ie E^ - Ne/e^E"". 

Proof. For (iii) note that + Tri?} is the multiplicative group of a finite field F of 

q elements. There are 1 + \{q — 1) elements in each of the sets {1 + x^; a; e F} and 
{-y^; y e ¥}. As 2(1 + ^{q - 1)) > q, there are x, y with 1 + = -y^. But y 7^ as 
-1 ^ F^^. Hence there is x with 1 + x^ ^ F^^, and our d exists. □ 

Since r ranges over a set of representatives for E^ /Ne/EsE^ , by Proposition III.l we 
can choose br to be 1 or VA ot d + i. Correspondingly the quadratic form takes one of the 
three shapes 



t'^ + z'^A-y^D - x'^AD, or zt - xyD, t^ - z'^ - y'^D + x'^D + 2d{zt - xyD). 
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Recall that we need to compute 

Since det^ = ar • a{ar) ■ T{ar) ■ Ta{ar), we have 

{ar — cr{ar))'^ T{ar — a{ar))'^ ^^'^ 
ara{ar) T{ar)Ta{ar) 

\4brr{br)D\ 
" Ir^rr^ia^ - b^D){Ta^ - Tb^D)\^/^' 

When s = 0, this is \brT{br)D\, and (*) is independent of b. So we may assume that 6=1. 

III. Theorem. The value of \brT{br)D\Is{r, A, D) / {T(f)o){yo) at s = is ^KE/Esii^), where 
K'E/Ez is the nontrivial character of /Ne/EsE^ , E = E^{y/D). 

Proof. Assume that br — y/A ^ Ne/Ez^^ ^ thus \brT{br)D\ — \AD\, and the quadratic form 
is t"^ + z^A — y'^D — x^AD. If \A\ = 1/q or —1 is a square, we can replace A with —A. The 
quadratic form then becomes the same as that of type I. The result of the computation is 
—2, see proof of Theorem I, case of anisotropic quadratic forms. Since HE/EsiVA) = — 1 
we are done in this case. 

If A = -1, br = d+i ^ Ne/EsE^, the qu3idra,ticformist^-z'^-y'^D+x'^D+2d{zt-xyD). 
It is equal to - uY^ - D{Z'^ - uT^) with X = t + dz, Y = z, Z = y + dx, T = x and 
u = d'^ + 1 e — R^'^. Since \D\ = 1/q the quadratic form is anisotropic and the result 
of the computation is —2 by the proof of Theorem I, case of anisotropic quadratic forms. 

Assume that br ~ 1, thus \brT{br)D\ = \D\ and the quadratic form is zt — xyD. Then it 
is ^ times {z + — — t)'^ — D[{x + yY — {x — y)^]. Since max{|x|, |^|, \t\} = 1 implies 
max{|x + |/|, \x — |/|, \z + t|, \z — t\} — 1, the result of the computation is 2 by the proof of 
Theorem I, cases of Lemmas I.l and 1.3. The theorem follows. □ 

Character computation for type IV 

For the 6'-conjugacy class of type IV we write the representative g = t ■ diag(r,r) (where 
t = h~^t*h, t* = diag(Q;, aa, a^a, a^a)) as 

/airi+a2r2A {air2 + a2ri)A {b[ri + b2r2A)D {b[r2 + b2ri)AD\ 

air2 + a2r\ airi + a2r2A {b\r2 + b'2ri)D {b\ri + b'2r2A)D | 

biri+b2r2A {bir2 + b2ri)A a-^ri + a2r2A {air2 + a2ri)A j 

\ bir2 + b2ri biri + 62^2^ ai''2 + a2?'i ai'^i + a2?'2^ / 

Here i?3 = F[\fA) is a quadratic extension of F and E = Es{\/D) is a quadratic extension 
of E3, thus Ae F - F^ and D = di + d2VA e E3 - E^, di e F. 



(-) (det^),^^^ = |det^ 
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If —1 e we can and do take D = \/]4, where ^ is a nonsquare unit u ii Es/E is 
unramified, or a uniformizer ir if E3/F is ramified. If —1 ^ F^^ and Es/F is ramified, once 
again we may and do take A = n and D ~ \/A. 

If —1 ^ and E^/F is unramified, take A = —1 and note that a primitive 4th root 
C = i of 1 lies in E^ (and generates it over F). Then E / E^ is unramified, generated by 
\/D, D — di + id2, and we can (and do) take d2 — 1 and a unit di = d in F^ such that 
(p + 1 ^ ^x2_ rpj^g^ D = d + i ^ E^'^. The existence of d is shown as in the proof of 
Proposition III.l. 

Further a = a + by/D G E^ , where a = ai + a2\/A G £"3^, & = &i + &2\/^ G £"3^, and 
r = n + r2V^ e E^ /Ne/EsE^- The relation 6^ = + ^'2^^ defines = + 626^2^ 
and 62 = ^2*^1 + bid2- 

The product ^vgJv (where *v = (x, y, z, t)) is then equal to 

{bir2 + 62^1) (t^ + z'^A) - {b[r2 + ^s'^Ol/ + x^A) + 2(6iri + b2r2A)zt - 2{b[ri + 6^r2^)a;y. 
Since bD = b[ + b'^\fA, this is 

-^br) ^^2 ^ ^2^) ^ ^ 



2\fA 

Note that r ranges over a set of representatives for E^ INeie2,E^ 1 ^^d b lies in E^ . As 
b is fixed, we may take br to range over E^ /Ne/EzE^ . Thus we may assume that b — 1. 

Further, note that E^/F is unramified if and only if E/E^ is unramified. Hence r can be 
taken to range over {l,7r} if -E3/F is unramified, and over {1, u} if E^/F is ramified, where 

is a uniformizer in F and tt is a nonsquare unit in F, in these two cases. Thus in both 
cases we have that cr(r) = r, and the quadratic form is equal to the product of r and 

2zt - ^-Z^^y2 + ^2^) _ + a{D))xy. 



Our aim is to compute the value at 5 = of the integral /^(A, D) defined by 

/ 2zt \ y'^ + x^A)-(D + a(D))xy dxdydzdt. 

Jv° 2\J A 

IV. Theorem. The value of Ig{A, D) at s = is 0. 



To prove this theorem we need some lemmas. 
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IV. 1. Proposition. Up to a change of coordinates, the quadratic form 

2zt - ^ {y^ + x-'A) -{D + a{D))xy 

is equal to either +TTy^ — 2zt or x^ — uy^ — 2zt with u & — R^^ . It is always isotropic. 

Proof. In the cases when D = \/~A, we have (t{D) — —D. When D = d + i, aD = d — i. 
Thus the quadratic form takes one of the foUowing three shapes 

2zt - {y^ + TTx^), 2zt - {y^ -ux'^), 2zt - (y^ - a;^) - 2dxy. 

For the third quadratic form we have 

2zt - {y^ - x^) - 2dxy = {x - dyf - {d^ + l)y^ + 2zt. 

Recall that u = d'^ + 1 e R^ — R^^. After the change of variables x' — x — dy, followed by 
x' I— > X, the quadratic form is x^ — uy^ + 2zt. Change z ^ —z io get x^ — uy^ — 2zt. □ 

IV. 2. Lemma. When the quadratic form is xP" — uy^ — 2zt, we have 

voKO = I ' ^ = 

" I 9-"(l-l/9)(l + l/A i/n>l. 

Proof. Consider the case ofn — 0. Then 

Vq = {(x, y, z, t); max{|a;|, |y|, \z\, \t\} = 1, |a;^ — uy"^ — 2zt\ = 1}. 

(A) Case of \x'^ — uy'^\ = 1 and \zt\ < 1. The contribution is the product of 

/ / dxdy= I I dydx+ [ [ dydx = ( 1 - -) ( 1 + -) 

J J\x'2-uy2\ = l J\x\^lJ\y\<l J\x\<lJ\y\ = l \ Q/ \ Q/ 

and 

/ / dzdt^ I I dtdz+ I I dzdt=- + -(l--)=-(2--). 

J J\zt\<i J\z\<iJ\t\<i J\z\=iJ\t\<i q q \ qj q \ q) 

(B) Case of \x^ — uy'^\ < 1 and \zt\ = 1 (i.e. 1^1 = 1, \t\ = 1). Since — uy"^ does not 
represent zero non trivially, the condition implies that < 1, \y\ < 1. Thus we obtain 

1 / 1^' 



dtdzdydx = I 1 ) • 

x{<iJ[y\<iJ\z[=iJ\t\=i q \ q, 
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(C) Case of |a;^ — uy'^\ = 1 and \zt\ ~ 1. In this case, once x, and z are chosen, we have 
that \t\ = 1, and the condition \x^ — uy^ — 2zt\ = 1 imphes t ^ {x^ — uy^)/{2z) (mod tt). 
Since J\x2_uy2\=i dxdy = 1 - q-"^, we obtain 

/ / dtdzdajdy = (l - 4 1 ( 1 ~ - 1 ( 1 - - 

x'^-uy^\ = lJ\z\ = lJ\t\ = l,\x'^-uy^+zt\ = l \ Q J \ Q J \ Q 

Adding the contributions from Cases (A), (B), and (C) (divided by (1 — 1/q)), we obtain 

.o,^vS,.l(^,l)U-l),l,(^-l)U^-l)(^,l)(^-' 




Q \ Q / \ Q / \ Q / V Q / \ Q / \ Q 

Once simplified this is equal to 1 + l/q"^. 

Consider the case n > 1. We have the following two cases. 

(A) Case of \z\ = 1. Then x"^ — uy"^ — 2zt — ett", where |£| = 1, and t — {x"^ — uy"^ —ei:'^) / {2z). 
Further, dt = q~'^de, and the contribution from this case is 

I I I I —dedzdydx ^ (l--^ — [ de = — ( 1 - . 

J\x\<lJ\y\<lJ\z\ = lJ\e\=lQ'' \ QJ J\e\ = l (t \ 

(B) Case of \z\ < 1. If \t\ < 1, then max{|a;|, \y\} — 1, and since x^ — uy'^ does not represent 
zero non trivially, we have that \x^ — uy"^ — 2zt\ = \x^ — uy'^\ = 1, which is a contradiction, 
since n>l. Hence \t\ = 1. We have x"^ — uy"^ — 2zt = stt"', where |£| = 1. Further, from 



2 2 

x — uy e ^ 



\x'^ - uy"^ - £7r"| < 1, 



2t 2t 

it follows that \x'^ — uy'^\ < 1, and thus |a;| < 1, \y\ < 1. The contribution from this case is 
f f f f —dedtdydx= — (l--^ \. 

J\x\<lJ\y\<lJ\t\ = lJ\e\ = lCl'' 9" V QJ Q 

Adding the contributions from Cases (A) and (B) (divided by (1 — we obtain 

vol,.»)=(l-l)(l.^)l. 

The lemma follows. □ 

Proof of Theorem IV. We are now ready to complete the proof of Theorem IV. Recall that 
we need to compute the value at s = (m = —2) of Is{A, D). Here Is{A, D) coincides with 
the sum 

oo 

5]g--voi(v;«(Ai^)) 

n=0 
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which converges for m > — 1. The value at m = —2 is obtained then by analytic continuation 
of this sum. 

Case of — Szt. Make a change of variables z i— > 2u~^z', followed by z' i— > z. Thus 

the quadratic form is equal to 

-u~'^{{z - tf - + tf - ux^ - rnry^). 

Note that up to a multiple by a unit, this is a form of Lemma II. 3. Since max{|z|, = 1 
implies max{|2; + t|,|2; — t|} = 1, the result of that lemma holds for our quadratic form as 
well. 

Case of x'^ — uy'^ — 2zt. By Lemma IV.2, the integral 

oo 

IsiA, D) = vol(Vo°) + q~^^ vol(F„0) 

n=l 

is equal to 

When m = —2, this is 



r V qJ \ q^J l-q 
The theorem follows. □ 
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